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Abstract
We show that the XY quantum chain in a magnetic field is invariant under a two parameter
deformation of the SU(1/1) superalgebra. One is led to an extension of the braid group and
the Hecke algebras which reduce to the known ones when the two parameter coincide. The
physical significance of the two parameters is discussed. When both are equal to one, one
gets a Pokrovski-Talapov phase transition. We also show that the representation theory of the
quantum superalgebras indicates how to take the appropriate thermodynamical limits.
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1 Introduction
There were several attempts to extend the one-parameter quantum algebras to multiparame-
ter ones [1]. As shown however by Reshetikhin [2] the link polynomials depend only on one
parameter. One can state this result in a different way: if one has a one-dimensional quan-
tum chain which is invariant under a multiparameter quantum algebra, one can do a similarity
transformation which eliminates all the parameters but one. As will be shown in this paper,
the situation is different in the case of quantum superalgebras. We will start with a physical
example. Consider the quantum chain
H = ∆q
L∑
i=1
σzi +
∆η
2
L−1∑
i=1
[(1 + u)σxi σ
x
i+1 + (1− u)σyi σyi+1] + B + S, (1)
where σx, σy and σz are Pauli matrices inserted in the i-th position of the Kronecker product
σki = 1⊗ 1⊗ . . .⊗ σk︸︷︷︸
i
⊗ . . .⊗ 1⊗ 1 (i = 1, 2, . . .L) (2)
[σki , σ
l
j ] = 0. (i 6= j)
∆q, ∆η and u are parameters, B and S are boundary and surface terms respectively. This
chain appears in the domain wall theory of two-dimensional commensurate-incommensurate
phase transitions [3, 10] and in Glauber’s kinetic Ising model [4]. In order to make contact
with quantum algebras we will first make an important change of notations, choose B = 0 (no
periodic boundary conditions!) and fix S by
∆q =
q + q−1
2
, ∆η =
η + η−1
2
, u =
η − η−1
η + η−1
(3)
S =
1
2
(q−1σz1 + q σ
z
L).
With this change of notations we have
H = H(q, η) =
L−1∑
i=1
Hi(q, η) (4)
Hi(q, η) =
1
2
[η σxi σ
x
i+1 + η
−1σyi σ
y
i+1 − q σzi − q−1σzi+1].
A detailed discussion of the properties of the chain given by eq. (4) will be given elsewhere [5],
here we are going to mention only a few. First, there are the symmetry properties
H(q, η)
.
= H(q−1, η)
.
= H(q, η−1)
.
= H(η, q). (5)
The ”equality” among the Hamiltonians implies that the spectra are identical. The first two
equalities are obvious but not the last one which reminds of duality transformations of quantum
chains [6]. In the continuum limit, one has the following phase structure [3, 5]:
1
∆q ≤ 1, ∆η ≤ 1: massless-incommensurate
∆q ≤ 1, ∆η > 1 or ∆q > 1, ∆η ≤ 1: massive incommensurate
∆q > 1, ∆η > 1, ∆q 6= ∆η: massive
∆q = ∆η, (∆q > 1) : critical Ising type
∆q = ∆η = 1 : Pokrovsky-Talapov phase transition [12]
We will return to the physical picture later on in the text. It is by now clear that the properties
of the chain depend on both parameters q and η.
We now perform a Jordan-Wigner transformation. First write σzj = −iσxj σyj and next
define
τx,yj = exp(
ipi
2
j−1∑
k=1
(σzk + 1)) σ
x,y
j (6)
{τxi , τxj } = {τ yi , τ yj } = {τxi , τ yj } = 0. (i 6= j)
Using Eq. (4) and (6) we get
Hj =
i
2
[ ητ yj τ
x
j+1 − η−1τxj τ yj+1 + qτxj τ yj + q−1τxj+1τ yj+1]. (7)
We now observe the following important identity
[TX , H(q, η)] = [T Y , H(q, η)] = 0 (8)
with
TX = ∆(τx) = α−
L+1
2
L∑
j=1
αjτxj
T Y = ∆(τ y) = β−
L+1
2
L∑
j=1
βjτ yj (9)
{TX , TX} = 2[L]α, {T Y , T Y } = 2[L]β, {TX , T Y } = 0, (10)
where L is the length of the chain and
α =
q
η
, β = qη, [L]λ =
λL − λ−L
λ− λ−1 . (11)
The equalities (8) come from the existence of a fermionic zero mode for any q and η. The
equations (10) together with the coproduct (9) give a representation of a Hopf algebra. Before
we proove this statement let us consider the case α = β = q.
2
2 The η = 1 case. Mathematics.
We first notice that in this case Sz = 1
2
∑L
i=1 σ
z
i also commutes with H(q, η). We now remind
the reader the Uα[SU(1/1)] algebra [7]. With A
± = 1
2
(TX ± iT Y ) we have
{A±, A±} = 0, {A+, A−} = [E]α, [Sz, A±] = ±A± (12)
[E, Sz] = [E,A±] = 0
with the coproduct
∆(α,A±) = αE/2 ⊗A± + A± ⊗ α−E/2
∆(α, Sz) = Sz ⊗ 1+ 1⊗ Sz (13)
∆(α,E) = E ⊗ 1 + 1⊗E.
The fermionic representations correspond to take E = 1, Sz = 1
2
σz, A± = a± and {a+, a−} = 1
in Eq (13). In this representation E in Eq. (12) is equal to L (the number of sites). Comparing
now (12), (13) with Eqs. (9,10) we observe [8] that the quantum chain (4) with η = 1 is
invariant under Uα[SU(1/1)] transformations. It was also shown by Saleur [8] that the quantities
Uj = ∆q −Hj(q, 1) are the generators of the Hecke algebra
U2j = 2 ∆q Uj
UjUj±1Uj − Uj = Uj±1UjUj±1 − Uj±1 (14)
UiUi±j = Ui±jUi. (j 6= 1)
Actually they correspond to a quotient of this algebra since the generators satisfy also the
relations [9]
UjUj+2Uj+1(2∆q − Uj)(2∆q − Uj+2) = 0. (15)
The generators Rˇj =
q−q−1
2
+Hj(q, 1) satisfy the braiding relations
RˇjRˇj±1Rˇj = Rˇj±1RˇjRˇj±1 (16)
with
Rˇ2j = (q − q−1) Rˇj + 1. (17)
Considering the matrices Rj = PRˇj (P is the graded permutation operator) we have
(see Eq. (13))
R∆(α)R−1 = ∆(α−1). (18)
3
3 The η = 1 case. Physics.
Before persuing our mathematical developements let us pause and discuss some physical impli-
cations. First we notice the very unusual role of the operator E for the quantum chain. It does
not behave like an usual symmetry operator in quantum mechanics (like the angular momen-
tum) which commutes with the Hamiltonian and helps in its diagonalisation. Since E simply
counts the number of sites it plays a different role that we clarify now. From Eq. (12) we see
that for α generic (α 6= eipi rs ), Uα[SU(1/1)] has two-dimensional irreducible representations and
one one-dimensional irreducible representation where A± = E = Sz = 0. If α is not generic
(α = eipi
r
s ), notice that
{A+, A−} = sin(
pirL
s
)
sin(pir
s
)
(19)
and that for L = ns one has only one-dimensional irreducible representations. This implies that
for a given value of q, changing L one can reach pathological situations. As shown in Ref. [5],
if L = ns one has not only one zero mode but two which makes the degeneracies larger and
not smaller as one would expect from the fact that we have only one-dimensional irreducible
representations. In order to avoid this type of problems and to keep the normalisations of the
zero-mode operator (i.e. A and A+), if one wants to take the thermodynamical limit, one has
to take sequences like
L = ns+ t (t = 0, 1, . . . , s− 1; n ∈ Z+) (20)
and the results will depend on the sequence. The necessity of taking sequences for the quantum
chain (1) with periodic boundary conditions is already known [11] but now we understand its
origin. The same observation applies when we have two parameters (see Eq. (9)) and one or
both of them are not generic [5].
A more detailed discussion of the physical meaning of the parameter q as well as the con-
nection of the model with the experimental data [13] can be found in Ref. [5].
4 The η 6= 1 case.
As suggested by Eqs. (9,10) we define the two parameter deformation of the SU(1/1) algebra
as follows:
{TX , TX} = 2 [E]α, {T Y , T Y } = 2 [E]β (21)
{TX , T Y } = 0 [E, TX ] = [E, T Y ] = 0
with the coproduct
∆(α, β;TX) = αE/2 ⊗ TX + TX ⊗ α−E/2
∆(α, β;T Y ) = βE/2 ⊗ T Y + T Y ⊗ β−E/2 (22)
∆(α, β;E) = E ⊗ 1 + 1⊗E.
4
Notice that Sz does not appear in the algebra anymore. We denote this quantum algebra by
Uα,β[SU(1/1)]. It is a Hopf algebra for the same reasons as the Uα[SU(1/1)]. If we take the
fermionic representations E = 1, τx = (a+ + a−), τ y = −i(a+ − a−), from Eq. (22) we
derive Eqs. (9,10). The quantum chain H(q, η) is thus invariant under the quantum algebra
Uα,β[SU(1/1)]. We would like to see what replaces the relations (14-18) when we have two
parameters. We first notice a remarkable identity satisfied by the Hj(q, η)
[HjHj±1Hj −Hj±1HjHj±1 + (ν − 1)(Hj −Hj±1)] (Hj −Hj±1) = µ (23)
H2j = ν,
where
ν =
(
α + α−1
2
)(
β + β−1
2
)
=
(
q + q−1
2
)2
+
(
η + η−1
2
)2
− 1 (24)
µ =
(
α + α−1
2
− β + β
−1
2
)2
= 4
(
q − q−1
2
)2 (
η − η−1
2
)2
.
We can now define a generalised Hecke algebra taking
Ui =
√
ν −Hi(p, q)
(UiUi±1Ui − Ui±1UiUi±1 − Ui + Ui±1) (Ui − Ui±1) = µ (25)
U2i = 2
√
ν Ui.
Notice that when η = 1, µ = 0 and we have representations which coincide with those of
the original Hecke algebra (For a detailed discussion of the representation theory of (25) see
Ref. [16]). We did not have the patience to find the equivalent of Eq. (15) which gives the
quotient of the generalised Hecke algebra (25) corresponding to the chain given by Eq. (4).
Another quotient is however suggested by the structure of Eq. (25):
(UiUi±1Ui − Ui) (Ui − Ui±1) = µ
2
. (26)
For µ = 0 one gets in this case representations of the Temperley-Lieb algebra UiU±iUi = Ui. We
now turn our attention to the generalised braid group algebra. We take Rˇi = Hi(q, η) +
√
ν − 1
and get
(RˇiRˇi±1Rˇi − Rˇi±1RˇiRˇi±1) (Rˇi − Rˇi±1) = µ (27)
with
Rˇ2i = 1 +
√
ν − 1 Rˇi . (28)
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In the basis where the σzi are diagonal (see Eq. (4)) we have
Rˇi =


√
ν − 1 + q+q−1
2
0 0 η−η
−1
2
0
√
ν − 1− q−q−1
2
η+η−1
2
0
0 η+η
−1
2
√
ν − 1 + q+q−1
2
0
η−η−1
2
0 0
√
ν − 1− q+q−1
2

 . (29)
We take the graded permutation matrix P
P =


1
0 1
1 0
−1

 (30)
and define the matrix Ri = PRˇi. We now write the coproduct (22) in the original language of
Pauli matrices
∆(α, β;TX) = α−1/2(σy ⊗ 1) − α1/2(σz ⊗ σy)
∆(α, β;T Y ) = β−1/2(σx ⊗ 1) − β1/2(σz ⊗ σx) (31)
∆(α, β;E) = 1⊗ 1 + 1⊗ 1.
It is trivial to check that similar to Eq. (18) we get
R∆(α, β)R−1 = ∆(α−1, β−1). (32)
5 Are more-parameter deformations possible?
In this section we would like to show that for Uα,β [SU(1/1)] one can introduce more than two
parameters (as in the Lie algebra case when we had more than one). The most general chain
which has a zero mode for all its values of the parameters is [5]
Hi =
1
2
{ Θ+Θ
−1
2
(ηζσxi σ
x
i+1 + η
−1ζ−1σyi σ
y
i+1)
+
Θ−Θ−1
2
(ηζ−1σxi σ
y
i+1 + η
−1ζσyi σ
x
i+1) (33)
+ q σzi + q
−1σzi+1) }.
Hi depends on four parameters. One can check however that Eq. (23) holds with
ν =
q2 + q−2
4
+
(η2 − η−2)(ζ2 − ζ−2)
8
+
(η2 + η−2)(ζ2 + ζ−2)(Θ2 +Θ−2)
16
,
6
µ =
(
(η2 − η−2)(ζ2 − ζ−2)
4
+
(η2 + η−2)(ζ2 + ζ−2)(Θ2 +Θ−2)
8
− 1
)
(34)
×

(q − q−1)2
2
+
(Θ−Θ−1)2(η
ζ
− ζ
η
)
2
8


which means that we are back to two parameters. This means that there is a similarity trans-
formation which connects the Hamiltonian with four parameters and the one with two (see
Eq. (4)). In order to illustrate this point we consider the ”two-parameter deformation” of Ref.
[14]. It corresponds to the choice
ζ = eipi/4, η = e−ipi/4, q =
√
QP, θ =
√
Q
P
(35)
in Eq. (33) where Q and P are the two parameters given in [14]. From Eq. (34) we get µ = 0
which implies that we are back to the Uα[SU(1/1)] case. From Eq. (33) we derive
Rˇi =
1
2
(
√
QP − 1√
QP
) +
√
Q
P
σ+i σ
−
i+1 +
√
P
Q
σ−i σ
+
i+1 + (36)
1
2
√
QP σzi +
1
2
1√
QP
σzi+1 .
We now do the similarity transformation [15]
σ+i → (
√
QP )i−1 σ+i , σ
−
i → (
√
PQ)i−1 σ−i , σ
z
i → σzi (37)
and recover Eq. (4) with η = 1 and q =
√
QP , which means that the two-parameter deformation
is a one-parameter deformation.
References
[1] E. E. Demidov, Yu. I. Manin, E. E. Mukhin and D. V. Zhdanovich,
Progs. Theor. Phys. Suppl. 102 (1990) 203
A. Sudbery, J. Phys. A: Math. Gen. 23 (1990) L697
[2] N. Yu. Reshetikhin, Lett. Math. Phys. 20 (1990) 331
[3] N. den Nijs, in ”Phase Transitions and Critical Phenomena”,
Ed. C. Domb and J. L. Lebowitz, vol. 12, Academic Press 1988
[4] E. D. Siggia, Phys. Rev. B. 16 (1977) 2319
[5] H. Hinrichsen and V. Rittenberg,
Phys. Letters B to be published, Nucl. Phys. B to be published
[6] J. B. Kogut, Rev. Mod. Phys. 51 (1979) 659
7
[7] P. P. Kulish, Zap. Nauch. Semin. LOMI 145 (1985) 140
M. Chaichian and P. Kulish, Phys. Lett. B234 (1990) 72
E. Corrigan, D. Fairlie, P. Fletcher and R. Sasaki, J. Math. Phys. 31 (1990) 776
W. Schmidke, S. Vokos and B. Zumino, Z. Phys. C48 (1990) 249
L. Kaufmann and H. Saleur, preprint EFI 90-42
L. Rozansky and H. Saleur, preprint YCTP-P20-91
[8] H. Saleur, in ”Trieste Conference on Recent Developements in Conformal Field Theories”,
Eds. S. Randjikar-Daemi, E. Sezgin and J. B. Zuber, World Scientific 1989, p. 160
[9] P. Martin and V. Rittenberg, preprint RIMS-770, 1991
[10] E. Barouch, B. M. McCoy and M. Dresden, Phys. Rev. A2 (1970) 1075
E. Barouch and B. M. McCoy, Phys. Rev. A3 (1971) 786
H. G. Vaida and C. A. Tracy, Physica 92 A (1978) 1
[11] F. Woynarowich, H. P. Eckle and T. T. Truong, J. Phys. A22 (1989) 4027
H. Park and M. Widom, Phys. Rev. Letters 64 (1990) 1075
[12] V. L. Pokrovski and A. L. Talapov, Sov. Phys. J.E.T.P. 51 (1980) 134
[13] J. Jaubert, A. Glochant, M. Bienfait and G. Boato, Phys. Rev. Letters 46 (1981) 1679
K. Kern and G. Comsa, Advances in Chemical Physics, Ed. K. P. Lawley, John Wiley 1989
[14] L. Dabrowski and Lu-yu Wang, Phys. Letters B 226 (1991) 51
[15] We learnt this transformation from F. Alcaraz
[16] P. Martin, to be published
8
